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Abstract
Using the concepts of prime module, semiprime module and the
concept of ascending chain condition (ACC) on annihilators for an
R-module M . We prove that if M is semiprime and projective
in σ [M ], such that M satisfies ACC on annihilators, then M has
finitely many minimal prime submodules. Moreover if each submod-
ule N ⊆ M contains a uniform submodule, we prove that there is
a bijective correspondence between a complete set of representatives
of isomorphism classes of indecomposable non M-singular injective
modules in σ [M ] and the set of minimal primes inM . IfM is Goldie
module then M̂ ∼= Ek11 ⊕E
k2
2 ⊕ ...⊕E
kn
n where each Ei is a uniform
M-injective module. As an application, new characterizations of left
Goldie rings are obtained.
Key Words : Prime modules; Semiprime modules; Goldie Mod-
ules; Indecomposable Modules; Torsion Theory
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Introduction
The Rings with ascending chain condition (ACC) on annihilators has been stud-
ied by several authors. For non commutative semiprime rings A.W. Chatters
and C. R. Hjarnavis in [6] showed that if R is semiprime ring such that R satis-
fies ACC on annihilator ideals, then R has finitely many minimal prime ideals.
K.R. Goodearl and R. B. Warfield in [8] showed that if R is a semiprime right
Goldie ring, then R has finitely many minimal prime ideals.
In this paper we work in a more general situation, using the concept of
prime and semiprime submodules defined in [11], [13] and the concept of as-
cending chain condition (ACC) on annihilators for a R-moduleM defined in [4],
we show that if M is projective in σ [M ] and semiprime module, such that M
satisfies ACC on annihilators, thenM has finitely many minimal prime submod-
ules in M . Moreover if each submodule N ⊆M contains a uniform submodule,
we prove that there is a bijective correspondence between a complete set of iso-
morphism classes of indecomposable non M-singular injective modules in σ [M ]
Eχ(M)(M) and the set of minimal prime in M submodules Spec
Min (M). Also
we prove that there is a bijective correspondence between sets Eχ(M)(M) and
PMinM , where P
Min
M = {χ (M/P ) | P ⊆ M is a minimal prime in M}. So we ob-
tain new information about semiprime rings with ACC on annihilators. As an
application, of these results we obtain a new characterization of Goldie Rings in
terms of the of minimal prime idelas of R and a new characterization of these
Rings in terms of the continuous modules with ACC on annihilators.
In order to do this, we organized the article in three sections. Section 1,
we give some results about prime and semiprime modules and we define the
concept right annihilator for a submodule N of M . In particular we prove in
Proposition 1.16, that if M is projective in σ [M ] and M is semiprime mod-
ule, then AnnM (N) = Ann
r
M (N) for all N ⊆ M . In Section 2, we define the
concept of ascending chain condition (ACC) on annihilators for an R-module
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M and we give the main result of this paper Theorem 2.2, we prove that if M
is a semiprie module projective in σ [M ] and M satisfies ACC on annihilators,
then M has finitely many minimal prime submodules in M . Moreover if P1,
P2, ..., Pn are the minimal prime in M submodules, then P1 ∩ P2∩... ∩Pn = 0.
In Theorem 2.7, we show that there is a bijective correspondence between sets
Eχ(M)(M) and Spec
Min (M). Moreover in Corollary 2.13 we obtain an applica-
tion for semiprime rings. We prove that if R is a semiprime ring such R satisfies
ACC on left annihilator and each 0 6= I ⊆ R left ideal of R, contains a uni-
form left ideal of R, then there is a bijective correspondence between the set of
representatives of isomorphism classes of indecomposable non singular injective
R-modules and the set of minimal prime ideals of R. In particular in Corollary
2.15 we show, that for R a semiprime left Goldie ring the bijective correspon-
dence above mentioned is true. Moreover in this Corollary we show that R has
local Gabriel correspondence with respect to χ (R) = τg. Other important re-
sults are the Theorem 2.18 and 2.20. In the first Theorem we show that, if M
satisfies ACC on annihilators and for each 0 6= N ⊆ M , N contains a uniform
submodule, then M̂ = N̂1 ⊕ N̂2⊕ ...⊕ N̂n where Ni = Ann
r
M (Pi) for 1 ≤ i ≤ n.
And in the second Theorem we prove that if M
is semiprime Goldie module, then there are E1, E2, ..., En uniform injective
modules such that M̂ ∼= Ek11 ⊕ E
k2
2 ⊕ ... ⊕ E
kn
n and AssM (Ei) = {Pi}. As
other application of these results we give the Theorem 2.27, where we prove
that if R is a semiprime ring, such that R satisfies ACC on left annihilators
and for each non zero left ideal I ⊆ R, I contains a uniform left ideal, then the
following conditions are equivalents: i) R is left Goldie ring, ii) Pi has finite
uniform dimension for each 1 ≤ i ≤ n. In the Section 3 we use the concept of
continuous module and we show in the Theorem 3.6 that if M is continuous,
retractable, non M-singular module and M satisfies ACC on annihilators, then
M is a semiprime Goldie module. Finally as one more application we obtain the
Corollary 3.7, where we show that, if R is a continuous, non singular ring and
R satisfies ACC on left annihilators, then R is semiprime left Goldie ring.
In what follows, R will denote an associative ring with unity and R-Mod will
denote the category of unitary left R-modules. Let M and X be R-modules. X
is said to be M-generated if there exists an R-epimorphism from a direct sum
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of copies of M onto X . The category σ [M ] is defined as the full subcategory of
R-Mod containing all R-modules X which are isomorphic to a submodule of an
M-generated module.
Let M-tors be the frame of all hereditary torsion theories on σ [M ]. For a
family {Mα} of left R-modules in σ [M ], let χ ({Mα}) be the greatest element
of M-tors for which all the Mα are torsion free, and let ξ ({Mα}) denote the
least element of M-tors for which all the Mα are torsion. χ ({Mα}) is called
the torsion theory cogenerated by the family {Mα}, and ξ ({Mα}) is the torsion
theory generated by the family {Mα}. In particular, the greatest element of M-
tors is denoted by χ and the least element of M-tors is denoted by ξ. If τ is an
element of M-tors, gen (τ) denotes the interval [τ, χ].
Let τ ∈ M-tors. By Tτ ,Fτ , tτ we denote the torsion class, the torsion free
class and the torsion functor associated to τ , respectively. For N ∈ σ [M ], N
is called τ -cocritical if N ∈ Fτ and for all 0 6= N ′ ⊆ N, N/N ′ ∈ Tτ . We say
that N is cocritical if N is τ -cocritical for some τ ∈ M-tors. If N is an essential
submodule of M , we write N ⊆ess M . If N is a fully invariant submodule of M
we write N ⊆FI M . For τ ∈ M-tors and M
′ ∈ σ [M ], a submodule N of M ′ is
τ -pure in M ′ if M ′/N ∈ Fτ .
A module N ∈ σ [M ] is called singular in σ [M ], or M-singular, if there is an
exact sequence in σ [M ] 0 → K → L → N → 0, with K essential in L. The
class S of allM-singular modules in σ [M ] is closed by taking submodules, factor
modules and direct sums. Therefore, any L ∈ σ [M ] has a largest M-singular
submodule Z (L) =
∑
{f (N) | N ∈ S and f ∈ HomR (N,L)}. L is called non
M-singular if Z (L) = 0. If N is a fully invarint submodule of M , we write
N ⊆FI M .
Injective modules and injective hulls exist in σ [M ], since injective hull of X
in σ [M ] is X̂ = trM (E (X)) =
∑
f∈HomR(M,E(X))
f (M), where E (X) denotes
the injective hull of X in R-Mod.
Let M ∈ R-Mod. In [1, Definition 1.1] the annihilator in M of a class C of
R-modules is defined as AnnM (C) = ∩
K∈Ω
K, where
Ω = {K ⊆M | there exists W ∈ C and f ∈ HomR(M,W ) with K = ker f}.
Also in [1, Definition 1.5] a product is defined in the following way. Let N be
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a submodule of M . For each module X ∈ R-Mod, N · X = AnnX(C), where
C is the class of modules W , such that f(N) = 0 for all f ∈ HomR(M,W ).
For M ∈ R-Mod and K, L submodules of M , in [2] is defined the product
KML as KML =
∑
{f (K) | f ∈ HomR (M,L)}. We in [3,Proposition 1.9]
that if M ∈ R-Mod and C be a class of left R-modules, then AnnM (C) =∑
{N ⊂M | NMX = 0 for all X ∈ C}.
Moreover Beachy showed in [1, Proposition 5.5] that, if M is projective in
σ [M ] and N is a any submodule of M , then N ·X = NMX , for any R-module
X ∈ σ [M ].
Let M ∈ R-Mod and N 6= M a fully invariant submodule of M , N is prime
in M if for any K, L fully invariant submodules of M we have that KML ⊆ N
implies that K ⊆ N or L ⊆ N . We say that M is a prime module if 0 is prime
in M see [11, Definition 13 and Definition 16].
ForN ∈ σ[M ], a proper fully invariant submoduleK ofM is said to be associ-
ated to N , if there exists a non-zero submodule L of N such that AnnM(L
′) = K
for all non-zero submodules L′ of L. By [3, Proposition 1.16] we have that K
is prime in M . We denote by AssM (N) the set of all submodules prime in M
associated to N . Also note that, if N is a uniform module, then AssM(N) has
at most one element.
A module M is retractable if HomR (M,N) 6= 0 for all 0 6= N ⊆M .
For details about concepts and terminology concerning torsion theories in
σ [M ], see [16 ] and [17].
1 Preliminaries
The following definition was given in [4, Definition 3.2] we include it for the
convenience of the reader.
Definition 1.1. Let M ∈ R-Mod and N 6= M a fully invariant submodule
of M . We say that N is semiprime in M if for any K ⊆FI M such that KMK
⊆ N , then K ⊆ N . We say M is semiprime if 0 is semiprime in M .
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Remark 1.2. Notice that if M is projective in σ [M ] and N ⊆FI M , then
by [4, Remark 3.3], N is semiprime in M if and only if for any submodule K
of M such that KMK ⊆ N we have that K ⊆ N . Analogously by [4 Remark
3.22] we have that if P ⊆FI M , then P is prime in M if and only if for any K,
L submodules of M such that KML ⊆ P we have that K ⊆ P or L ⊆ P .
Proposition 1.3. Let M ∈ R-Mod be projective in σ [M ]. If N ⊆FI M ,
then the following conditions are equivalent
i) N is semiprime in M
ii) For any submodule K of M such that N ⊆ K and KMK ⊆ N , then
K = N .
Proof. i)⇒ ii) It is clear by Remark 1.2.
ii) ⇒ i) Let K ⊆ M a submodule such that KMK ⊆ N . We claim that
(K +N)M K ⊆ N and KM (K +N) ⊆ N . In fact by [3, Proposition 1.3] we
have that (K +N)M K = KMK + NMK. As N is a fully invariant submodule
of M , then NMK ⊆ N . Thus (K +N)M K ⊆ N . Now as KMK ⊆ N , then
KMK ⊆ N ∩ K. So by [1, Proposition 5.5] we have that KM
(
K
N ∩K
)
= 0.
Hence KM
(
K +N
N
)
= 0. Newly by [1, Proposition 5.5] KM (K +N) ⊆ N .
Hence by [3, Proposition 1.3] we have that (K +N)M (K +N) = KM (K +N)+
NM (K +N) ⊆ N . By hypothesis we have that (K +N) = N . Thus K = N .
Remark 1.4. Let M ∈ R-Mod be projective in σ [M ]. Similarly to the
proof of Proposition 1.3, we can prove that a fully invariant submodule P of M
is prime in M if and only if for any submodules K and L of M containing P ,
such that KML ⊆ P , then K = P or L = P .
The following definition was given in [4, Definition 3.2], and we include it
here for the convenience of the reader.
Definition 1.5. LetM ∈ R- Mod. IfN is a submodule ofM , then successive
powers of N are defined as follows: First, N2 = NMN . Then by induction, for
any integer k > 2, we define Nk = NM
(
Nk−1
)
.
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Notice that in general is false that NM
(
Nk−1
)
=
(
Nk−1
)
M
N . In the Exam-
ple 2.8 (1) we can see this.
Lemma 1.6. LetM ∈ R-Mod be projective in σ [M ] and N ⊆M semiprime
in M submodule. If J is a submodule of M such that Jn ⊆ N for some positive
positive integer n, then J ⊆ N .
Proof. In case n = 1, there is nothing to prove. Now let n > 1 and assume
the Lemma holds for lower powers. Since n ≥ 2, then 2n − 2 ≥ n. Hence
J2n−2 ⊆ Jn. Now by [1, Proposition 5.6] we have that (Jn−1)
2
= J2n−2 ⊆ N .
Thus by Remark 1.2 we have that Jn−1 ⊆ N . So by the induction hypothesis
we have that J ⊆ N .
Lemma 1.7. LetM ∈ R-Mod be projective in σ [M ] and semiprime module
. If N and L are submodules of M such that NML = 0, then
i) LMN = 0
ii) N ∩ L = 0
Proof. i) Since M is projective in σ [M ], then by [1 Proposition 5.6] we
have that (LMN)M (LMN) = LM (NML)M N = 0. As M is semiprime and by
Remark 1.2, then LMN = 0.
ii) By [3, Proposition 1.3] we have that (N ∩ L)M (N ∩ L) ⊆ NML = 0.
Newly as M is semiprime, then N ∩ L = 0.
Remark 1.8. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module, then we claim that L ∩ AnnM (L) = 0 for all L submodule of M .
In fact, if K = L ∩ AnnM (L) , then by [3, Proposition 1.3] we have that
KMK ⊆ AnnM (L)M L = 0. Since M is semiprime, then K = 0. Moreover
we claim that L ∩ L′ 6= 0 for all L′ ⊆FI M such that AnnM (L)  L′. In fact,
let L′ ⊆FI M be such that AnnM (L)  L′. Suppose that L ∩ L′ = 0, then
L′ML ⊆ L
′ ∩ L = 0. Hence L′ ⊆ AnnM (L). So AnnM (L) = L
′ a contradiction.
Proposition 1.9. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module, then HomR (M,N) 6= 0 for all 0 6= N ⊆M .
7
Proof. Suppose that HomR (M,N) = 0. Since AnnM (N) =
∩{ker f | f ∈ HomR (M,N)}, then AnnM (N) = M . Hence MMN = 0.
Now by Lemma 1.7 we have that NMM = 0. As NMM =
∑
f∈EndR(M)
f (M),
then N ⊆ NMM . So N = 0 a contradiction.
Notice that if M is as in Proposition 1.9, then AnnM (N) = M if and only
if HomR (M,N) = 0 if and only if N = 0. Therefore AnnM (N) 6= M for all
0 6= N ⊆M .
Proposition 1.10. Let M ∈ R-Mod and τ ∈ M-tors. If P is a prime in
M and P is τ -pure submodule of M , then there exists P ′ ⊆ P such that P ′ is
τ -pure and minimal prime in M.
Proof .Let X = {Q ∈M | Q ⊆ P and Q is τ -pure and prime in M }. Since
P ∈ X , then X 6= ∅. We claim that any chain Y ⊆ X , has a lower bound in X .
In fact, let Y = {Qi} a descending chain chain in X . Let Q = ∩Y is clear that
Q is fully invariant submodule of M and Q ⊆ P . Since each Qi is τ -pure in M ,
then Q is τ -pure in M . Now K and L be fully invariant submodule of M such
that KML ⊆ Q. If L * Q, then there exists Qt ∈ Y such that L * Qt. Hence
L * Ql for all Ql ⊆ Qt. Thus K ⊆ Ql for all Ql ⊆ Qt. As Y is a descending
chain, then K ⊆ Q. Therefore by Zorn’s Lemma X has minimal elements.
Proposition 1.11. Let M ∈ R-Mod be projective in σ [M ], semiprime
module and τ ∈ M-tors. If U ⊆ M is a uniform submodule, such that U ∈ Fτ ,
then AnnM (U) is τ -pure and prime in M .
Proof . By Proposition 1.9 we have that AnnM (U)  M . Now we claim
that AnnM (U) = AnnM (U
′) for all 0 6= U ′ ⊆ U . In fact let 0 6= U ′ ⊆ U ,
then AnnM (U) ⊆ AnnM (U
′). Suppose that AnnM (U)  AnnM (U ′). By
[3, Proposition 1.9] we have that AnnM (U
′) is a fully invariant submodule of
M . Now by Remark 1.8 we have that U ∩ AnnM (U
′) 6= 0. As U is uniform
module, then [U ∩AnnM (U
′)] ∩ U ′ 6= 0. But by Remark 1.8 we have that
AnnM (U
′) ∩ U ′ = 0. So [U ∩ AnnM (U
′)] ∩ U ′ = 0 a contradiction. Therefore
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AnnM (U) = AnnM (U
′). Now by [3, Lemma 1.16] AnnM (U) is prime in M .
On the other hand we know that AnnM (U) = ∩{ker f | f ∈ HomR (M,U)}.
Since U ∈ Fτ , ker f is τ -pure in M . Hence AnnM (U) is τ -pure in M .
Remark 1.12. Let M be as in the Proposition 1.11 and U ⊆ M uniform
submodule, then AnnM (U) = AnnM (U
′) = P for all 0 6= U ′ ⊆ U , where P is
prime in M . So by [3, Definition 4.3] we have that AssM (U) = {P}. Moreover
by [3, Proposition 4.4] we have that AssM (U
′) = AssM (U) = {P} for all
0 6= U ′ ⊆ U .
Lemma 1.13. Let M ∈ R-Mod be projective in σ [M ] and semiprime mod-
ule. Suppose that N is a submodule of M such that P = AnnM (N) is prime
in M , then P is minimal prime in M .
Proof. By Proposition 1.10, there exists P ′ a minimal prime inM such that
P ′ ⊆ P . As [AnnM (N)]M N = 0 ⊆ P
′, then N ⊆ P ′ or AnnM (N) ⊆ P
′. If
N ⊆ P ′, then N ⊆ P = AnnM (N). Thus NMN = 0. Since M is semiprime
module, then N = 0. Hence P = AnnM (N) = AnnM (0) = M , it is not
possible. So the only possibility is P = AnnM (N) ⊆ P
′. Therefore P = P ′ and
we have the result.
Note that if M is as in the Lemma 1.13 and U is a uniform submodule of
M , then by Proposition 1.11 we have that P = AnnM (U) is a prime in M
submodule. Now by Lemma 1.13 we obtain that P = AnnM (U) is minimal
prime in M . Moreover by proof of the Proposition 1.11 we have that P =
AnnM (U) = AnnM
(
Û
)
.
Definition 1.14. LetM ∈ R-Mod be projective in σ [M ]. If N is a submod-
ule ofM , the right annihilator ofN inM is AnnrM (N) =
∑
{L ⊆M | NML = 0}.
Note that AnnrM (N) is the largest submodule of M such that
NM [Ann
r
M (N)] = 0. In fact, if L and K are submodules of M such
that NML = 0 and NMK = 0, then by [3, Proposition 1.3] we have that
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NM (L⊕K) = 0. Now since M is projective in σ [M ] then by [1, Proposition
5.5] NM
(
L⊕K
T
)
= 0 for all T ⊆ L⊕K. So NM (L+K) = 0.
Remark 1.15. If M is an R-module projective in σ [M ] and N and L are
submodules of M such that NML = 0, then we claim that NM (LMM) = 0. In
fact by [1, Proposition 5.6] we have that NM (LMM) = (NML)M M = 0. Since
L ⊆ LMM and LMM is a fully invariant submodule of M , then Ann
r
M (N) =∑
{L ⊆FI M | NML = 0}. Hence Ann
r
M (N) is a fully invariant submodule of
M .
Proposition 1.16. Let M ∈ R-Mod be projective in σ [M ]. If M is a
semiprime module, then AnnM (N) = Ann
r
M (N) for all N ⊆M .
Proof. Since AnnM (N)M N = 0, then by Lemma 1.7, NMAnnM (N) = 0.
So AnnM (N) ⊆ Ann
r
M (N). Newly as NMAnn
r
M (N) = 0, then
AnnrM (N)M N = 0. Thus Ann
r
M (N) ⊆ AnnM (N) Hence AnnM (N) =
AnnrM (N).
Definition 1.17. Let M ∈ R-Mod. A submodule N of M is named annihi-
lator submodule, if N = AnnM (K) for some K ⊆M .
Notice that if N is an annihilator submodule, then N is a fully invariant
submodule of M .
Proposition 1.18. Let M ∈ R-Mod be projective in σ [M ]. If M is a
semiprime module, then AnnM (AnnM (N)) = Ann
r
M (Ann
r
M (N)) = N for all
N annihilator submodule of M .
Proof. As NMAnn
r
M (N) = 0, then by Lemma 1.7 we have that
AnnrM (N)M N = 0. Thus N ⊆ Ann
r
M (Ann
r
M (N)). Since N = Ann (K)
for some submodule of M , then NMK = 0. Hence K ⊆ Ann
r
M (N). Therefore
AnnrM (Ann
r
M (N)) ⊆ Ann
r
M (K). So by Proposition 1.16 we have that
AnnrM (Ann
r
M (N)) ⊆ AnnM (K) = N . Hence Ann
r
M (Ann
r
M (N)) = N .
Moreover by Proposition 1.16 we have that
AnnM (AnnM (N)) = Ann
r
M (Ann
r
M (N)).
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2 Modules with ACC on annihilators and Goldie
Modules
The following definition was given in [4, Definition 3.1]. We include here this
definition for the convenience of the reader.
LetM ∈ R-Mod. For a subset X ⊆ EndR (M), let AX = ∩{ker f | f ∈ X}.
Now we consider the set AM = {AX | X ⊆ EndR (M) }.
Definition 2.1. Let M ∈ R-Mod, we say M satisfies ascending chain con-
dition (ACC) on annihilators , if AM satisfies ACC.
Notice that if M = R, then R satisfies ACC on annihilators in the sense of
Definition 2.1, if and only if R satisfies ACC on left annihilators in the usual
sense for a ring R.
Also note that if K is a submodule of M , we have that
AnnM (K) = ∩
f∈X
{ker f | X = HomR (M,K)}.
Since HomR (M,K) ⊆ EndR (M), then AnnM (K) = AX,
where X = HomR (M,K). Hence AnnM (K) ∈ AM
Theorem 2.2. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. If M satisfies ACC on annihilators, then:
i) M has finitely many minimal of minimal prime in M submodules.
ii) If P1, P2, ..., Pn are the minimal prime in M submodules, then P1∩ P2∩
, ..., ∩Pn = 0
iii) If P ⊆M is prime in M , then P is minimal prime in M if and only if P
is an annihilator submodule.
Proof. i) By a ”prime annihilator ” we mean a prime in M submodule
which is an annihilator submodule. We shall first show that every annihilator
submodule of M contains a finite product of annihilators primes in M . Suppose
not, then by hypothesis there is an annihilator submodule N which is maxi-
mal with respect to not containing a finite product of annihilators primes in
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M . Hence N is not prime in M . Thus by Remark 1.4 there are fully invari-
ant submodules L and K of M such that N  L, N  K and LMK ⊆ N .
Since AnnM (N)M N = 0, then by [3, Proposition 1.3] AnnM (N)M (LMK) = 0.
Since M is projective in σ [M ], then by [ 1, Proposition 5.6] we have that
(AnnM (N)M L)M K = 0. Therefore K ⊆ Ann
r
M (AnnM (N)M L). Now we
claim that LM [Ann
r
M (AnnM (N)M L)] ⊆ N . We have that
[AnnM (N)M L]M [Ann
r
M (AnnM (N)M L)] = 0. Newly as M is projective in
σ [M ], then AnnM (N)M (LM [Ann
r
M (AnnM (N)M L)]) = 0. Hence
LM [Ann
r
M (AnnM (N)M L)] ⊆ Ann
r
M (AnnM (N)). Since N is annihilator
submodule, then by Lemma 1.7 and Proposition 1.18 we have that
LM [Ann
r
M (AnnM (N)M L)] ⊆ N . Since K ⊆ Ann
r
M (AnnM (N)M L) =
AnnM (AnnM (N)M L), then we can take K = AnnM (AnnM (N)M L). Thus K
is an annihilator submodule. Similarly we can prove that
L ⊆ AnnM [KMAnn
r
M (N)] and (AnnM [KMAnn
r
M (N)])M K ⊆ N . So also
we can take
L = AnnM [KMAnn
r
M (N)]. Hence L is an annihilator submodule. Therefore
K and L are annihilator submodules such that N  K, N  L, and LMK ⊆ N .
So L and K contain a finite product of prime annihilators. Hence N contains
a finite product of prime annihilator, this is a contradiction. Therefore every
annihilator submodule of M contains a finite product of prime annihilators.
Since 0 = AnnM (M), then the zero is an annihilator submodule. Thus there
are prime annihilators P1, P2, ..., Pn of M such that (P1)M (P2)M , ..., Pn = 0.
Now if Q is a minimal prime in M , then (P1)M (P2)M ... M (Pn) = 0 ⊆ Q.
Thus there exists Pj ⊆ Q for some 0 ≤ j ≤ n. Whence Pj = Q. Therefore the
minimal primes in M are contained in the finite set {P1, P2, ... , Pn}. Moreover
each Pi is an annihilator submodule for 0 ≤ i ≤ n.
ii) By i) we can suppose that P1, P2, ..., Pn are the minimal prime in M
submodules. Now by [3 Proposition 1.3] we have that [P1 ∩ P2∩, ...,∩Pn]
n ⊆
(P1)M (P2)M ...M (Pn) = 0. Since M is semiprime module, then by Lemma 1.6
we have that P1 ∩ P2∩, ...,∩Pn = 0
iii) Let P ⊆ M be a prime in M submodule. If P is minimal prime in M ,
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then by ii) we have that P = Pj for some 1 ≤ j ≤ n. By proof of i) we know
that each Pt is an annihilator submodule for 1 ≤ t ≤ n. Hence P so does. Now
we obtain the converse by By Lemma 1.13.
.
Notice that in Theorem 2.2 i) we only use the conditionM satisfies ACC on
annihilator submodules. Also note that in iii) each minimal prime Pi inM is an
annihilator submodule. Thus Pi = AnnM (K) for some K ⊆ M˙ . As K ∈ Fχ(M)
and AnnM (K) = ∩{ker f | f ∈ HomR (M,K)}, then Pi is χ (M)-pure in M for
all 1 ≤ i ≤ n.
Note that in Theorem 2.2 M satisfies ACC on annihilators is a necessary
condition. In order to see this, consider de following example
Example 2.3. Let R a ring such that {Si}i∈I is a family of non isomorphic
simple R-modules and let M =
⊕
i∈I Si . It is clear that M is projective in
σ [M ]. Now let N ⊆ M such that NMN = 0. Since M is semisimple module,
then N = 0. Thus M is a semiprime module. We claim that M does not
satisfy ACC on annihilators. In fact, let L be a submodule of M , then there
exists K such that M = K ⊕ L. So we can consider the canonical projection
π :M → K. Hence ker π = L. Thus each submodule of M is the kernel of some
morphism. Hence M does not satisfy ACC on annihilators. Now since Si ≇ Sj,
then Si is minimal prime in M . So M has infinitely many minimal prime in M
submodules.
Lemma 2.4. Let M ∈ R-Mod. If C ∈ σ [M ] is χ (M)-cocritical, then there
are submodules C ′ ⊆ C and M ′ ⊆ M such that C ′ is isomorphic to M ′.
Proof. Since C is χ (M)-cocritical, then C ∈ Fχ(M). Thus HomR
(
C, M̂
)
6=
0. So there exists f : C → M̂ a non zero morphism. Since C is χ (M)-cocritical
and M ⊆ess M̂ , then there exists C
′ submodule of C such that C ′ →֒ M . Hence
there exists M ′ ⊆M such that C ′ ∼= M ′. Also note that M ′ is χ (M)-cocritical.
Remark 2.5. If M is as in the Theorem 2.2 and C ∈ σ [M ] is χ (M)-
cocritical, then by Lemma 2.4 there are C ′ ⊆ C and M ′ ⊆ M such that C ′ ∼=
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M ′. Hence M ′ is a uniform module, then by Proposition 1.11 we have that
AnnM (M
′) = P where P is prime in M . By Lemma 2.13 P is minimal prime
in M . Moreover by Remark 1.12 we have that AssM (M
′) = {P}. Hence
AssM (C
′) = {P}. Since C ′ ⊆ess C, then by [3, Proposition 4.4] we obtain
AssM (C) = {P}.
Let SpecMin (M) denote the set of minimal primes in M and Eτ (M) a com-
plete set of representatives of isomorphism classes of indecomposable τ -torsion
free injective modules in σ [M ].
Also we denote by PMinM = {χ (M/P ) | P ⊆M is minimal prime in M}.
Remark 2.6. Let τg be the hereditary torsion theory generated by the family
of M-singular modules in σ [M ]. If M is non M-singular, then τg = χ (M). In
fact, if M is non M-singular, then τg ≤ χ (M). Now if τg < χ (M), then there
exists 0 6= N ∈ Tχ(M) such that N ∈ Fτg . Thus HomR
(
N, M̂
)
= 0. By
[17, Proposition 10.2] N is M-singular. Thus N ∈ Tτg a contradiction. So
τg = χ (M).
Theorem 2.7 . Let M ∈ R-Mod be projective in σ [M ] and semiprime
module. If M satisfies ACC on annihilators and for each 0 6= N ⊆ M , N
contains a uniform submodule, then there is a bijective correspondences between
Eχ(M) (M) and Spec
Min (M).
Proof. Since M is semiprime and M satisfies ACC on annihilators then by
[4, Proposition 3.4] we have that M is non M-singular. Thus by Remark 2.6
τg = χ (M). Let E ∈ Eχ(M) (M). As E is a uniform module and E ∈ Fχ(M), then
E is χ (M)-cocritical. Now by Remark 2.5, we have that AssM (E) = {P} with
P ∈ SpecMin (M). Hence we define the function
Ψ : Eχ(M) (M)→ Spec
Min (M)
as Ψ (E) = P . We claim that Ψ is bijective. Suppose that Ψ (E1) = Ψ (E2) = P .
Since E1 and E2 are uniform modules, then E1 and E2 are χ (M)-cocritical.
14
Since τg = χ (M), then by Lemma 2.4 there are C
′
1 ⊆ E1, C
′
2 ⊆ E2 and M1, M2
submodules of M such that C ′1
∼= M1 and C
′
2
∼= M2. Hence M1 and M2 are uni-
form modules, then by Remark 1.12 we have that. AnnM (C
′
1) = AnnM (M1) =
P = AnnM (M2) = AnnM (C
′
2). So AnnM (M1) = AnnM (M2) = P .
On the other hand we have that (M1 + P ) /P and (M2 + P ) /P are submod-
ules of M/P . By [3, Proposition 2.2 and 2.7 ] χ ((M1 + P ) /P ) = χ (M/P ) =
χ ((M2 + P ) /P ). Since AnnM (M1) = AnnM (M2) = P , then by Remark 1.8,
M1 ∩ P = 0 and M2 ∩ P = 0. Therefore (M1 + P ) /P ∼= M1/ (P ∩M1) = M1
and (M2 + P ) /P ∼= M2/ (P ∩M1) = M2. Thus χ (M1) = χ (M/P ) = χ (M2).
So HomR
(
M1, M̂2
)
6= 0. Since M1 and M2 are τg-cocritical, then there exists
N1 ⊆M1 such that N1 →֒ M2. As M1 and M2 are uniform modules, then M̂1 ∼=
N̂1 ∼= M̂2. Thus E1 = Ĉ ′1
∼= M̂1 ∼= M̂2 ∼= Ĉ ′2 = E2. So Ψ is injective.
Now let P ∈ SpecMin (M) since M satisfies ACC on annihilators, then by
Theorem 2.2 P = AnnM (N) for some 0 6= N ⊆ M . By hypothesis there exists
a uniform module U such that U ⊆ N . Thus P = AnnM (N) ⊆ AnnM (U). By
Proposition 1.11, we have that AnnM (U) is prime inM . As AnnM (U) is clearly
an annihilator submodule, then by Theorem 2.2 iii) we have that AnnM (U) is
minimal prime in M . Therefore P = AnnM (U). Furthermore by Remark 1.12
we have that AssM (U) = {P}. Hence AssM
(
Û
)
= {P} Thus Ψ
(
Û
)
= P . As
U ⊆ M , then U ∈ Fχ(M). Therefore Û is an indecomposable χ (M)-torsion free
injective module in σ [M ]. Hence Ψ is surjective.
Notice that if P is prime inM such that P is χ (M)-pure, then P is minimal
prime in M . In fact by Proposition 1.10 there exists P ′ ⊆ P such that P ′ is
χ (M)-pure and minimal prime inM . Now let N be a submodule ofM such that
P ∩ N = 0, then PMN ⊆ P ∩N = 0. So PMN ⊆ P
′. Thus P ⊆ P ′or N ⊆ P ′.
Suppose that P * P ′, then N ⊆ P ′. Thus N ⊆ P . Hence 0 = P ∩ N = N .
So P ⊆ess M . Thus M/P ∈ Tχ(M) a contradiction. So P ⊆ P ′. Thus P = P ′.
On the other hand , if Specχ(M) (M) denotes the set of χ (M)-pure submodules
prime in M , then SpecMin (M) = Specχ(M) (M). So if M is as in the Theorem
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2.7, then M has local Gabriel correspondence with respect to χ (M).
Example 2.8. Let R = Z2 ⋊ (Z2 ⊕ Z2), the trivial extension of Z2 by
Z2 ⊕ Z2. This ring can be described as
R =
{(
a (x, y)
0 a
)
| a ∈ Z2, (x, y) ∈ Z2 ⊕ Z2
}
. R has only one maximal
ideal I =
{(
0 (x, y)
0 0
)
| (x, y) ∈ Z2 ⊕ Z2
}
and it has three simple ideals:
J1, J2, J3 which are isomorphic, where J1 =
{(
0 (0, 0)
0 0
)
,
(
0 (1, 0)
0 0
)}
,
J2 =
{(
0 (0, 0)
0 0
)
,
(
0 (0, 1)
0 0
)}
, J3 =
{(
0 (0, 0)
0 0
)
,
(
0 (1, 1)
0 0
)}
.
Then the lattice of ideals of R has the following form
R
•
I
•
J1
•
J2
•
J3
•
0
•
R is artinian and R-Mod has only one simple module up to isomorphism.
Let S be the simple module. By [12, Theorem 2.13], we know that there is a
lattice anti-isomorphism between the lattice of ideals of R and the lattice of fully
invariant submodules of E (S). Thus the lattice of fully invariant submodules of
E (S) has tree maximal elements K, L and N . Moreover, E (S) contains only
one simple module S. Therefore, the lattice of fully invariant submodules of
E (S) has the following form.
E(S)
•
K
•
L
•
N
•
S
•
0
•
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Let M = E (S). As K ∩L = S and KML ⊆ K ∩L, then KML ⊆ S. On the
other hand, we consider the morphism. f : M
pi
→ (M/N) ∼= S
i
→֒ L, where π
is the canonical projection and i is the inclusion. Thus f (K) = S. Therefore
S ⊆ KML. Thus we have that KML = S. Thus KML ⊆ N but K * N and
L * N . Therefore N is not prime in M . Analogously, we prove that neither
K nor L are prime in M . Also we note that KMK = S and SMK = 0. Thus
AnnM (K) = S.
We claim that KMS = S. In fact, if π is the natural projection from M onto
M/N , then π (K) = S since (M/N) ∼= S. Thus KMS = S. Analogously we
prove that LMS = S and NMS = S. Moreover, it is not difficult to prove that
AnnM (S) = K∩L∩N = S and that S is not a prime inM submodule. Soc (R) =
J1+ J2 + J3 = J1⊕ J2 and Soc (R) ⊂ess R. As S is the only simple module,
then Soc (R) ∼= S ⊕ S. So E (S ⊕ S) = E (R). Thus E (R) = E (S)⊕ E (S) =
M ⊕M . Therefore σ [M ] = σ [R] = R-Mod. Moreover HomR (M,K) 6= 0 for
all K ∈ σ [M ] but M is not a generator of σ [M ].
Now let 0 6= M ′ a submodule of M . As S ⊆ess M , then S ⊆ M
′. Therefore
every submodule of M contains a uniform submodule of M .
From the previous arguments we can conclude that:
1) KM (KMK) = KMS = S and (KMK)M K = SMK = 0.
Thus KM (KMK) 6= (KMK)M K
2) M does not have prime in M submodules. Thus SpecMin (M) = ∅
3) M is the only one indecomposable injective module in σ[M ]. Thus
Eχ(M) (M) = {M}
4) M is noetherian. So M satisfies ACC on annihilators
5) M is not projective in σ [M ]
Remark 2.9. If M is projective in σ[M ] and we define the function Φ :
SpecMin (M) → PMinM as Φ (P ) = χ (M/P ), then Φ is bijective. In fact. Let P
and P ′ are minimal primes in M submodules, such that χ (M/P ) = χ (M/P ′),
then P ′ is not χ (M/P )-dense in M . As P ′ is fully invariant submodule of M ,
then by [3, Lemma 2.6] we obtain P ′ ⊆ P . But P is minimal prime in M , then
P ′ = P . So Φ is injective. Moreover it is clear that Φ is surjective.
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Corollary 2.10. Let M ∈ R-Mod be projective in σ [M ] and semiprime
module. If M satisfies ACC on annihilators and for each 0 6= N ⊆ M , N
contains a uniform submodule, then there is a bijective correspondence between
Eχ(M) (M) and P
Min
M .
Proof. It follows from Theorem 2.7 and Remark 2.9.
Definition 2.11. An R-module M is Goldie Module if it satisfies ACC on
annihilators and it has finite uniform dimension.
Notice that if M = R, then R is Goldie module in the sense of the definition
2.11 if and only if R is left Goldie ring.
Corollary 2.12. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. If M is a Goldie module, then there is a bijective correspondences
between Eτg (M) and Spec
Min (M).
Proof. It follows from Definition 2.11 and Theorem 2.7.
Corollary 2.13. Let R be a semiprime ring such that satisfies ACC on
left annihilators. Suppose that for each 0 6= I ⊆ R left ideal of R, I contains
a uniform left ideal of R, then there is a bijective correspondence between the
set of representatives of isomorphism classes of indecomposable non singular
injective R-modules and the set of minimal prime ideals of R.
Proof. From [3, Definition 1.10] we have that P is prime in R if and only
if P is prime ideal of R. Since R is a semiprime ring and satisfies ACC on left
annihilators, R is non singular
On the other hand we know that σ [R] = R-Mod. So by Theorem 2.7 we
have the result.
Notice that the condition ” for each non zero left ideal I of R, I contains a
uniform left ideal of R ” in the Corollary 2.13 is necessary. In order to see this,
consider de following example
Example 2.14. Let R which is an Ore domain to the right but not to the
left. See [15 p 53] for examples of rings of this sort. It is proved in [7, p 486] that
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there are no χ (R)-cocritical left R-modules. As R is a domain, then R is non
singular. Thus χ (R) = τg. Moreover R is a prime ring and R clearly satisfies
ACC on left annihilators. On the other hand we know that if U is a uniform τg-
torsion free module, then U is τg-cocritical. But this is not possible. Thus there
are no τg-torsion free uniform modules in R-mod. Hence Eτg (R) = ∅. As R is
a domain, then SpecMin (R) = {0}. Thus there are no bijective correspondence
between Eτg (R) and Spec
Min (R).
Corollary 2.15. Let R be a semiprime left Goldie ring, then there is a
bijective correspondence between a complete set of representatives of isomor-
phism classes of indecomposable non singular injective R-modules and the set
of minimal prime ideals of R.
Proof. As R is a left Goldie ring, then R is a Goldie module. So by the
Corollary 2.13 we have the result.
Notice that if R is as the Corollary 2.15, then by Theorem 2.7 and Corollary
2.13 Specτg (R) = {I | I is a τg-pure prime ideal of R} = Spec
Min (R). Thus R
has local Gabriel correspondence with respec to χ (R) = τg
Lemma 2.16. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M satisfies ACC on annihilators. If P is a minimal prime
in M and AnnrM (P ) = L, then P = AnnM (L
′) for all 0 6= L′ ⊆ L.
Proof. By Theorem 2.2, P is annihilator submodule, then by Proposition
1.18 we have that P = AnnrM (Ann
r
M (P )) = AnnM (L). Now let 0 6= L
′ ⊆ L
and AnnM (L
′) = K. Thus P = AnnM (L) ⊆ AnnM (L
′) = K.
Suppose P  K. As P is prime in M and AnnM (K)M K = 0 ⊆ P ,
then AnnM (K) ⊆ P . So AnnM (K) ⊆ K. Thus AnnM (K)K AnnM (K) ⊆
AnnM (K)M K = 0. Since M is semiprime, then AnnM (K) = 0. By Propo-
sition 1.18 we have that AnnM (AnnM (K)) = K. But AnnM (AnnM (K)) =
AnnM (0) = M . Thus M = K = AnnM (L
′). So by Proposition 1.9 L′ = 0 a
contradiction. Therefore P = K = AnnM (L
′).
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Note that if M is as in Lemma 2.16 and AnnrM (P ) = L, then AssM (L
′) =
{P} for all 0 6= L′ ⊆ L. Hence {P} = AssM (N) = AssM
(
L̂
)
for all 0 6= N ⊆ L̂.
Proposition 2.17. LetM ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M satisfies ACC on annihilators. If P1, P2, ..., Pn are
the minimal primes in M , then {N1, N2, ...Nn} is an independent family, where
Ni = Ann
r
M (Pi) for 1 ≤ i ≤ n.
Proof. By induction. If n = 1, then we have the result. Suppose that
{N1, N2, ...Nn−1} is an independent family. If (N1 ⊕N2 ⊕ ...⊕Nn−1) ∩Nn 6= 0,
then there are x ∈ Nn and 1 ≤ i ≤ n − 1, such that Rx ∼= N
′
i ⊆ Ni. By
Lemma 2.16 we have that Pn = Ann
r
M (Rx) = Ann
r
M (N
′
i) = Ann
r
M (Ni) = Pi a
contradiction. Therefore (N1 ⊕N2 ⊕ ...⊕Nn−1)∩Nn = 0. So {N1, N2, ...Nn}
is a independent family.
Theorem 2.18. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose thatM satisfies ACC on annihilators and for each 0 6= N ⊆M ,
N contains a uniform submodule. If P1, P2, ..., Pn are the minimal primes in M ,
then N̂1 ⊕ N̂2 ⊕ ...⊕ N̂n = M̂ where Ni = Ann
r
M (Pi) for 1 ≤ i ≤ n.
Proof. By Proposition 2.17 we have that {N1, N2, ...Nn} is an independent
family. We claim that N1 ⊕ N2 ⊕ ... ⊕ Nn ⊆ess M . In fact let 0 6= L ⊆
M . By hypothesis there exists U a uniform module shut that U ⊆ L. By
Proposition 1.11 and Theorem 2.2 we have that AnnM (U) is minimal prime
in M . So AnnM (U) = Pj for some 1 ≤ j ≤ n. Hence (Pj)M U = 0. Thus
U ⊆ AnnrM (Pj) = Nj . Whence (N1 ⊕N2 ⊕ ...⊕Nn) ∩ L 6= 0. Therefore
N̂1 ⊕ N̂2 ⊕ ...⊕ N̂n = M̂ .
Corollary 2.19. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M is Goldie Module and P1, P2, ..., Pn are the minimal
primes inM , then N̂1⊕N̂2⊕ ...⊕N̂n = M̂ where Ni = Ann
r
M (Pi) for 1 ≤ i ≤ n.
Proof. As M is Goldie module, then M has finite uniform dimension and
M satisfies ACC on annihilators. So by the Theorem 2.18 we have the result.
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Theorem 2.20. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M is Goldie Module and P1, P2, ..., Pn are the minimal
primes in M submodules. If Ni = Ann
r
M (Pi) for 1 ≤ i ≤ n, then there exists
E1, E2, ... , En uniform injective modules such that M̂ ∼= E
k1
1 ⊕E
k2
2 ⊕ ...⊕E
kn
n
and AssM (Ei) = {Pi}.
Proof. Since Ni has finite uniform dimension, then there are Ui1 , Ui2 , ... ,
Uiki uniform submodules of Ni, such that Ui1 ⊕ Ui2 ⊕ ... ⊕ Uiki ⊆ess Ni. Thus
Ûi1 ⊕ Ûi2 ⊕ ...⊕ Ûiki = N̂i. Now by Lemma 2.16, we have that AnnM
(
Uij
)
= Pi
for all 1 ≤ j ≤ ki. Thus AssM
(
Uij
)
= AssM
(
Ûij
)
= {Pi} for all 1 ≤ j ≤ ki.
Hence by Theorem 2.7, we have that Ûi1
∼= Ûi2
∼= .... ∼= Ûiki . So we can denote
Ei = Ûi1 . Hence N̂i
∼= Ekii for 1 ≤ i ≤ n. Therefore by Theorem 2.18 we have
that M̂ ∼= Ek11 ⊕ E
k2
2 ⊕ ...⊕ E
kn
n .
Notice that by Theorem 2.2 Ei ≇ Ej for i 6= j.
Proposition 2.21. LetM ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M is a Goldie Module and P1, P2, ..., Pn are the minimal
primes inM , then N̂i is a fully invariant submodule of M̂ where Ni = Ann
r
M (Pi)
for 1 ≤ i ≤ n.
Proof. We claim that if i 6= j, then HomR
(
N̂i, N̂j
)
= 0. In fact by The-
orem 2.20 we have that Ûi1 ⊕ Ûi2 ⊕ ... ⊕ Ûiki = N̂i where Ui1 , Ui2 , ... , Uiki are
uniform submodules of Ni analogously Ûj1 ⊕ Ûj2 ⊕ ...⊕ Ûjkj = N̂j where Uj1,
Uij2 , ... , Ujkj are uniform submodules of Nj. Let 0 6= f ∈ HomR
(
N̂i, N̂j
)
,
then there exist ir and jt such that the restriction morphism. f|Ûir
: Ûir →
Ûjt is non zero. By [4, Proposition 3.4] M is non M-singular. Hence M̂ is
non M-singular. Since Ûir is uniform submodule of M̂ , then f|Ûir
is a monomor-
phism. So AssM
(
Ûir
)
= AssM
(
Ûjt
)
. But AssM
(
Ûir
)
= AssM
(
N̂i
)
= Pi and
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AssM
(
Ûjt
)
= AssM
(
N̂j
)
= Pj a contradiction. Therefore HomR
(
N̂i, N̂j
)
=
0. Now let g : M̂ → M̂ be a morphism. By Theorem 2.18 we have g
(
N̂i
)
⊆
N̂1 ⊕ N̂2 ⊕ ... ⊕ N̂n. Since HomR
(
N̂i, N̂j
)
= 0 for i 6= j, then g
(
N̂i
)
⊆ N̂i.
Thus N̂i is a fully invariant submodule of M̂ .
Proposition 2.22. LetM ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose thatM satisfies ACC on annihilators and for each 0 6= N ⊆M ,
N contains a uniform submodule. If P1, P2, ..., Pn are the minimal primes in M
and Ni = Ann
r
M (Pi) has finite uniform dimension for each 1 ≤ i ≤ n, then M
has finite uniform dimension.
Proof. By Theorem 2.18 we obtain that N1 ⊕ N2 ⊕ ... ⊕ Nn ⊆ess M . Now
since Ni has finite uniform dimension for each 1 ≤ i ≤ n, then M has finite
uniform dimension.
Theorem 2.23. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose thatM satisfies ACC on annihilators and for each 0 6= N ⊆M ,
N contains a uniform submodule. If P1, P2, ..., Pn are the minimal primes in M
then the following conditions are equivalent.
i) M is a Goldie Module.
ii) Ni = Ann
r
M (Pi) has finite uniform dimension for each 1 ≤ i ≤ n.
Proof i) ⇒ ii) As M is left Goldie module, then M has finite uniform
dimension. Hence we have the result.
ii)⇒ i) By Proposition 2.22 we have that M has finite uniform dimension.
Thus M is left Goldie module.
Corollary 2.24. Let R be a semiprime ring such that R satisfies ACC on
left annihilators. Suppose that for each non zero left ideal I ⊆ R, I contains a
uniform left ideal. If P1, P2, ..., Pn are the minimal prime ideals of R, then the
following conditions are equivalent.
i) R is a left Goldie ring.
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ii) AnnR (Pi) = Ni has finite uniform dimension for each 1 ≤ i ≤ n.
Proof. It follows from Theorem 2.23
Lemma 2.25. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose that M satisfies ACC on annihilators. If P1, P2, ..., Pn are the
minimal primes in M , then AnnrM (Pi) = ∩
i 6=j
Pj for every 1 ≤ i ≤ n.
Proof. As each Pi is a fully invariant submodule ofM , then (Pi)M
(
∩
i 6=j
Pj
)
⊆
Pi ∩
(
∩
i 6=j
Pj
)
= ∩nj=1Pj . By Theorem 2.2 we have that ∩
n
j=1Pj = 0. Thus
(Pi)M
(
∩
i 6=j
Pj
)
= 0. So ∩
i 6=j
Pj ⊆ Ann
r
M (Pi). Now let K ⊆ M such that
(Pi)M K = 0, then (Pi)M K ⊆ Pj for all i 6= j. As Pj is prime in M , then
Pi ⊆ Pj or K ⊆ Pj. But Pi ⊆ Pj is not possible. Thus K ⊆ Pj for all j 6= i.
Hence K ⊆ ∩
i 6=j
Pj. Thus Ann
r
M (Pi) = ∩
i 6=j
Pj
Notice that by Proposition 1.16 we have that AnnM (Pi) = Ann
r
M (Pi). Thus
AnnM (Pi) = ∩
i 6=j
Pj for every 1 ≤ i ≤ n.
Corollary 2.26. Let M ∈ R-Mod be projective in σ [M ] and a semiprime
module. Suppose thatM satisfies ACC on annihilators and for each 0 6= N ⊆M ,
N contains a uniform submodule. If P1, P2, ..., Pn are the minimal primes in M
and Pi has finite uniform dimension for each 1 ≤ i ≤ n, then M has finite
uniform dimension.
Proof. By Lemma 2.25 AnnrM (Pi) = ∩
i 6=j
Pj. Hence Ann
r
M (Pi) has finite
uniform dimension. So by Proposition 2.23 we have that M has finite uniform
dimension.
Theorem 2.27. Let R be a semiprime ring such that R satisfies ACC on
left annihilators. Suppose that for each non zero left ideal I ⊆ R, I contains a
uniform left ideal. If P1, P2, ..., Pn are the minimal prime ideals of R, then the
following conditions are equivalent.
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i) R is left Goldie ring.
ii) Pi has finite uniform dimension for each 1 ≤ i ≤ n.
Proof. i)⇒ ii) It is clear.
ii)⇒ i) By Corollary 2.26 we have that R has finite uniform dimension. So
R is left Goldie ring.
Finally we obtain the following result which extends the result given in [ Bo
Stemtrom Lemma 2.5]
Definition 2.28. Let M ∈ R-Mod. We say that a submodule N of M is a
nilpotent submodule if Nk = 0 for some positive integer k.
Proposition 2.29. Let M be projective in σ [M ] . If M satisfies ACC on
annihilators, then Z (M) is a nilpotent submodule.
Proof. We consider the descending chain Z (M) ⊇ Z (M)2 ⊇ ....We suppose
that Z (M)n 6= 0 for all n ≥ 1.So we have the ascending chain AnnM (Z (M)) ⊆
AnnM
(
Z (M)2
)
⊆ ...Since M satisfies ACC on annihilators, there exists n > 0
such that AnnM (Z (M)
n) = AnnM
(
Z (M)n+1
)
= ....
AsZ (M)n+2 6= 0, then by [1, Proposition 5.6] we have that [Z (M)M Z (M)]M Z (M)
n 6=
0.
Since Z (M)M Z (M) =
∑
{f(Z (M)) | f :M → Z (M) }, then
[
∑
{f(Z (M)) | f :M → Z (M) }]M Z (M)
n 6= 0. So by [3, Proposition1.3
] there exits f : M → Z (M) such that f (Z (M))M Z (M)
n 6= 0. Thus
f (M)M Z (M)
n 6= 0
Now consider the set
Γ = {ker f | f :M → Z (M) and f (M)M Z (M)
n 6= 0}
By hypothesis Γ has maximal elements. Let f :M → Z (M) such that ker f
is a maximal element in Γ.
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We claim that h (f(M))M Z (M)
n = 0 for all h : M → Z (M). In fact
let h : M → Z (M) be a morphism. By [5, Lemma 2.7] ker h ⊆ess M . So
ker h ∩ f (M) 6= 0. Thus there exists 0 6= f (m) such that h (f (m)) = 0. So
ker f  ker h ◦ f . If h (f(M))M Z (M)
n 6= 0, then h ◦ f ∈ Γ. But ker f is a
maximal element in Γ and ker f  ker h ◦ f , then h ◦ f /∈ Γ a contradiction.
Therefore h (f(M))M Z (M)
n = 0.
On the other hand by [1, Proposition 5.6] we have that .
f (M)M Z (M)
n+1 = [f (M)M Z (M)]M Z (M)
n =
[
∑
{h (f (M)) | h :M → Z (M)}]M Z (M)
n. By [3, Proposition 1.3] we have
that [
∑
{h (f (M)) | h :M → Z (M)}]M Z (M)
n =∑
{h (f (M))M Z (M)
n | h :M → Z (M)} = 0.
Thus f (M)M Z (M)
n+1 = 0.
Hence f (M) ⊆ AnnM
(
Z (M)n+1
)
= AnnM (Z (M)
n). So f (M)M Z (M)
n =
0 a contradiction.
Corollary 2.30. Let M ∈ R- Mod be projective in σ [M ] and S =
EndR (M). If M is retractable and satisfies ACC on annihilators, then Zr (S)
is nilpotent. Where Zr (S) is the right singular ideal of S.
Proof. Notice that if, N and L are submodules of M then,
HomR (M,L)HomR (M,N) ⊆ HomR (M,NML). Now we consider the ideal
∆ = {f ∈ S | ker f ⊆ess M}. We claim that Zr (S) ⊆ ∆, in fact let α ∈ Zr (S),
then there exists I essential right deal of S such that αI = 0. Thus α ◦ g = 0
for all g ∈ I. Hence α
(∑
g∈I
g (M)
)
= 0. Now let 0 6= N ⊆ M . As M is
retractable, then there exits ρ :M → N a non zero morphism. Thus ρS∩I 6= 0.
So there exists h ∈ S such that 0 6= ρ ◦ h ∈ I. Hence 0 6= (ρ ◦ h) (M) ⊆
N ∩
∑
g∈I
g (M). Thus
∑
g∈I
g (M) ⊆ess M . So kerα ⊆ess M . Hence Zr (S) ⊆ ∆. So
Zr (S)M ⊆ ∆M ⊆ Z (M). Moreover HomR (M,∆M) ⊆ (M,Z (M)). On the
other hand we have that ∆ ⊆ HomR (M,∆M). By Proposition 2.29 there exists
n > 0 such that Z (M)n = 0. Thus ∆n ⊆ HomR (M,∆M)
n ⊆ (M,Z (M))n ⊆
(M,Z (M)n) = 0. So ∆ is nilpotent. Since Zr (S) ⊆ ∆, then Zr (S) is nilpotent.
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In the Corollary 2.30 we have that ∆ is nilpotent. Notice that to obtain this
resul it is not necessary the condition M is retractable.
Corollary 2.31. Let M ∈ R- Mod be projective in σ [M ] and S =
EndR (M). If I is an ideal of S such that ∩f∈I ker f ⊆ess M , then I is nilpotent.
Proof. As ∩f∈I ker f ⊆ess M , then ker f ⊆ess M for all f ∈ I. Thus I ⊆ ∆.
By Corollary 2.30 we have that ∆ is nilpotent. So I is nilpotent
Definition 2.32. Let M ∈ R. A submodule N of M is TM -nilpotent in case
every sequence {f1, f2, ..., fn, ...} in HomR (M,N) and any a ∈ N , there exists
n ≥ 1 such that fnfn−1...f1 (a) = 0.
Notice that if I is a left ideal of a ring R, then I is left T -nilpotent in the
usual sense if and only if I is TR-nilpotente.
Proposition 2.33. LetM ∈ R- Mod be projective in σ [M ] and retractable.
Suppose thatM satisfies ACC on annihilators. If N ⊆M is TM -nilpotent, then
N is nilpotent.
Proof. Let N ⊆ M be TM -nilpotent. Consider the chain N ⊇ N
2 ⊇ N3 ⊇
.... Then we have the chain AnnM (N) ⊆ AnnM (N
2) ⊆ AnnM (N
3) ⊆ ....
Since M satisfies ACC on annihilators, then there exists k ≥ 1 such that
AnnM
(
NK
)
= AnnM
(
Nk+1
)
= AnnM
(
Nk+2
)
..... Let L = Nk. If L2 = LML 6=
0, then there exists f : M → L and a ∈ L ⊆ N such that f (a) 6= 0. Hence
(Ra)M L 6= 0. If (Ra)M (LML) = 0, then Ra ⊆ AnnM (L
2) = AnnM (L). So
RaML = 0 a contradiction. Thus (Ra)M (LML) 6= 0. By [1, M-injective 5.6] 0 6=
(Ra)M (LML) = ((Ra)M L)M L. As (Ra)M L =
∑
{f (Ra) | f :M → L}, then
by [3, Proposition 1.3] there exists f1 : M → L such that f1 (Ra)M L 6= 0. So
(Rf1 (a))M L 6= 0. Newly (Rf1 (a))M (LML) 6= 0. Hence (Rf1 (a)M L)M L 6= 0.
So there exists f2 :M → L such that f2 (Rf1 (a))M L 6= 0. Hence Rf2 (f1 (a))M L 6=
0. Continuing in this way, we have that Rfn.fn−1...f1 (a)M L 6= 0 for all n ≥ 1.
Hence fn.fn−1...f1 (a) 6= 0 for all n ≥ 1 a contradiction because N is TM -
nilpotent. Hence L2 = 0. So N is nilpotent.
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3 Continuous Modules with ACC on annihila-
tors
The following definitions were given in [14]. We include here these definitions
for convenience of the reader.
Definition 3.1. Let M ∈ R-Mod. M is called continuous module if it
satisfies the followings conditions:
C1) Every submodule of M is essential in a direct summand of M
C2) Every submodule of M that is isomorphic to a direct summand of M is
itself a direct summand.
Definition 3.2. AnR-moduleM isK-nonsingular if for every f ∈ EndR (M)
such that ker f ⊆ess M implies f = 0.
Notice that by [14, Proposition 2.3] we have that if M is non M-singular
module, then M is K-nonsingular
Definition 3.3. Let M ∈ R-Mod. The K-singular submodule of M is
defined as ZK (M) =
∑
{f (M) | f ∈ EndR (M) and ker f ⊆ess M }
Remark 3.4. If M is a continuous module and S = EndR (M), then by
[10, Proposition 1.25 ] we have that J (S) = {f ∈ S | ker f ⊆ess M}. Hence
ZK (M) = J (S)M . On the other hand it is clear that ZK (M) ⊆ Z (M).
Therefore J (S)M ⊆ Z (M).
Proposition 3.5. Let M ∈ R- Mod be projective in σ [M ] and S =
EndR (M). Suppose that M is a continuous module . If M satisfies ACC
on annihilators, then J(S) is nilpotent
Proof. As M is a continuous module, then by Remark 3.4 we have that
J (S) = {f ∈ S | ker f ⊆ess M}. By Corollary 2.30 J (S) = ∆ is nilpotent.
Theorem 3.6. Let M ∈ R- Mod be projective in σ [M ] and S = EndR (M).
Suppose that M is a continuous, retractable, non M-singular module and satis-
fies ACC on annihilators. Then M is a semiprime Goldie module.
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Proof. Since M is non M-singular and continuous, then by Remark 3.4.
J (S)M = 0. Hence J (S) = 0. Thus S is a semiprime ring. We claim that M
is semiprime module. In fact let L be a fully invariant submodule of M such
that L2 = LML = 0. As HomR (M,L)HomR (M,L) ⊆ HomR (M,LmL), then
HomR (M,L)HomR (M,L) = 0. Since S is semiprime ring the HomR (M,L) =
0. Now as M is retractable, then L = 0. Since M is non M-singular, then M
is K-nonsingular, then by [14, Proposition 3.1, Corollary 3.3 and Theorem 1.5]
we have that ker f is a direct summand of M for all f ∈ S. As satisfies ACC on
annihilators, then M satisfies ACC on direct summands. Since M satisfies the
condition C1, then every closed submodule of M is a direct summand . Thus
M satisfies ACC on closed submodules. By [9, Proposition 6.30] M has finite
uniform dimension. Hence M is a semiprime Goldie module.
Corollary 3.7. Let R be a continuous and non singular ring. Suppose that
R satisfies ACC on left annihilators, then R is a semiprime left Goldie ring.
Notice that in the Corollary 3.7 the inverse is not true in general. Consider
the following example
Example 3.8. Let R = Z be the ring of integers. We know Z is a prime
Goldie ring, but Z is not a continuous ring.
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